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Equivalence relations between spaces

Homotopy equivalent

\
Weak homotopy equivalent Model: CW complex

4
Connected by maps preserving H*(—; Q)
Rational homotopy equivalent (also preserving m, ® Q if 1-connected).
Model: CDGA

4

Same Euler number Model: integer

CDGA: commutative differential graded algebra
Commutative means graded commutative, i.e.

Xy = (_1)degxdegyy . x.
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Model of spaces

Space Model
Smooth manifold M (ground field R) | Q*(M)
General topological space X ApL(X)

Q*(M) : The CDGA of differential forms on M.
Ap(X) : The CDGA of polynomial differential forms, which are
simplicial maps S.(X) — Apy.

S.(X) : Simplicial set of singular simplicies.
(Ap[_)n = /\(to, sty dtg, .. dtn)/ ~,
where deg t; = 0, deg dt; =1,
to4+...+th~1, dtog+...+dt,~0.
A : free (graded) commutative algebra (usually with ground field Q).
e.g. N(to, dto) = (1, to, t2,. .., dto, todto, t3dto, . . .)
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The simplicial set structure on Ap; is given by

tk, k <i
O : (APL)n — (APL)nfla t — < 0, k=i
te—1, k>
tx, k<j
5i: (Ap)n = (ApL)n+1s  tkr> Q b+ tigr, k=
tht1, k>j

The CDGA structure on Ap;(X) is induced by the CDGA structure on
each (App)n.
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Definition of model

For a smooth manifold M, Q*(M) and Ap (M) ® R are equivalent, in the
sense that they can be connected by quasi-isomorphisms (CDGA
morphisms inducing isomorphisms on cohomology).

There exists a quasi-isomorphism of cochain complexes
3§ : APL(X) — C*(X;Q).
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Definition of model

For a smooth manifold M, Q*(M) and Ap (M) ® R are equivalent, in the
sense that they can be connected by quasi-isomorphisms (CDGA
morphisms inducing isomorphisms on cohomology).

There exists a quasi-isomorphism of cochain complexes
f : APL(X) — C*(X;Q).

Idea of proof.

Taking integrals of polynomial differential forms on suitable simplexes.
Moreover, Ap;(X) and C*(X;Q) can be connected by quasi-isomorphisms
(non-commutative) DGAs.

(See Section 10(d), (e) of Rational Homotopy Theory by Félix, Halperin
and Thomas.)
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Definition of model

For a smooth manifold M, Q*(M) and Ap (M) ® R are equivalent, in the
sense that they can be connected by quasi-isomorphisms (CDGA
morphisms inducing isomorphisms on cohomology).

There exists a quasi-isomorphism of cochain complexes
f : APL(X) — C*(X;Q).

Idea of proof.
Taking integrals of polynomial differential forms on suitable simplexes.

Moreover, Ap;(X) and C*(X;Q) can be connected by quasi-isomorphisms
(non-commutative) DGAs.

(See Section 10(d), (e) of Rational Homotopy Theory by Félix, Halperin
and Thomas.)

Definition
Any CDGA equivalent to Ap;(X) is called a model of X.
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@ Sullivan models
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Minimal Sullivan algebra

Definition
A Sullivan algebra (AV/,d) is a free commutative graded algebra AV,
generated by a graded vector space V of positive degree with a filtration

0=V(-1)c V() cV@)c...cV(nc...cV=]|]V(n)
n=0
together with a differential d satisfying

dV(n) C AV(n—1).

If in addition that dV/(n) C AZ2V/(n — 1), where RHS is spanned by
elements in AV/(n — 1) of wordlength at least 2, we say AV is minimal.

v

We will write AV short for (AV, d).
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Minimal Sullivan model

Definition

For every connected (H° is ground field) CDGA A, there exists a
quasi-isomorphism AV — A from a minimal Sullivan algebra AV, unique
up to isomorphism. AV is called the minimal Sullivan model of A, and,
if A= Ap.(X), is also called the minimal Sullivan model of the space X.
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Minimal Sullivan model

Definition

For every connected (H° is ground field) CDGA A, there exists a
quasi-isomorphism AV — A from a minimal Sullivan algebra AV, unique
up to isomorphism. AV is called the minimal Sullivan model of A, and,
if A= Ap.(X), is also called the minimal Sullivan model of the space X.

Idea of proving existence.

Construct V" inductively, such that AV=" — Ap,(X) induces
isomorphisms on H=" and is injective on H"t1. Here AV=" is the Sullivan
algebra generated by V=",
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Constructing minimal Sullivan model

For simplicity, we assume that X is 1-connected and H*(X) is of finite
type.
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Constructing minimal Sullivan model

For simplicity, we assume that X is 1-connected and H*(X) is of finite
type.
@ Set V2= H?(X), and construct a linear map sending V2 to the
representatives in Ap; (X).
This induces a CDGA morphism AV? — Ap;(X), which is isomorphic
on H2. As (AV2)3 =0, it is injective on H3.
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Constructing minimal Sullivan model

For simplicity, we assume that X is 1-connected and H*(X) is of finite
type.
@ Set V2= H?(X), and construct a linear map sending V2 to the
representatives in Ap; (X).
This induces a CDGA morphism AV? — Ap;(X), which is isomorphic
on H2. As (AV2)3 =0, it is injective on H3.
@ Set C3 = H3(X), N3 = ker(H*(AV?2) — H*(X)) under d, and
Vi=Cla N3
Extend AV2 — Ap.(X) to AVS3 by sending C3 to the
representatives and making the image of N3 compatible with d.
This makes that AV=3 — Ap;(X) is isomorphic on H=3 and injective
on H*.
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Constructing minimal Sullivan model

For simplicity, we assume that X is 1-connected and H*(X) is of finite
type.
@ Set V2= H?(X), and construct a linear map sending V2 to the
representatives in Ap; (X).
This induces a CDGA morphism AV? — Ap;(X), which is isomorphic
on H2. As (AV2)3 =0, it is injective on H3.
@ Set C3 = H3(X), N3 = ker(H*(AV?2) — H*(X)) under d, and
Vi=Cla N3
Extend AV2 — Ap.(X) to AVS3 by sending C3 to the
representatives and making the image of N3 compatible with d.
This makes that AV=3 — Ap;(X) is isomorphic on H=3 and injective
on H*.
© Set C* satisfying H*(AV=3) @ C* = H*(X),
N* = ker(H3(AV=3) — H®(X)) under d, and V* = C* @ N*.
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Examples

S2nt1: A(x), degx =2n+1, dx = 0.
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S2nt1: A(x), degx =2n+1, dx = 0.
S N(x,y), degx =2n, degy =4n—1, dx =0, dy = x.
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S2nt1: A(x), degx =2n+1, dx = 0.
520 \(x,y), degx =2n, degy = 4n—1, dx =0, dy = x°.

S3v s

First need x, y of degree 3, such that dx = dy = 0.

Next need z of degree 5 such that dz = xy.

Then need u, v of degree 7 such that du = xz,dv = yz...... The vector
space V generating the minimal Sullivan model is infinite dimensional, but
is of finite type.
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S2nt1: A(x), degx =2n+1, dx = 0.
520 \(x,y), degx =2n, degy = 4n—1, dx =0, dy = x°.

S3v s

First need x, y of degree 3, such that dx = dy = 0.

Next need z of degree 5 such that dz = xy.

Then need u, v of degree 7 such that du = xz,dv = yz...... The vector
space V generating the minimal Sullivan model is infinite dimensional, but
is of finite type.

Sstv st
The model is same as the model for S3 \V S3 except the degree. Here
degx =degy =degz =degu =degv =...=1. In particular,

dim V1 = .

Jiawei Zhou ( Nanchang University ) Rational homotopy theory and algebraic mode January 20, 2026 10/ 68



Lifting lemma for Sullivan algebras

Lemma (Lifting Lemma)

Let n: A— C be a surjective quasi-isomorphism of CDGA, and
1 : NV — C be a CDGA morphism from a Sullivan algebra. Then there
exists a CDGA morphism ¢ : NV — A such that no ¢ = 1.

A

1
d)/:in
‘g

ANV ——

Idea of proof. Construct ¢ on V(k) inductively.
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Homotopy of CDGA morphisms from Sullivan algebras

Definition

Let ¢g, 1 : AV — A be CDGA morphisms from some Sullivan algebra
AV. We say ¢p and ¢; are homotopic if there exists a morphism
oAV — A® A(t, dt) with degt = 0 such that (ida ® €;) o ® = ¢; for
i=0,1. Here ¢ : A(t,dt) — Q sends t to i. When ¢ and ¢; are
homotopic, we denote it as ¢g ~ ¢1.
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Homotopy of CDGA morphisms from Sullivan algebras

Definition

Let ¢g, 1 : AV — A be CDGA morphisms from some Sullivan algebra
AV. We say ¢p and ¢; are homotopic if there exists a morphism
oAV — A® A(t, dt) with degt = 0 such that (ida ® €;) o ® = ¢; for
i=0,1. Here ¢ : A(t,dt) — Q sends t to i. When ¢ and ¢; are
homotopic, we denote it as ¢g ~ ¢1.

Proposition

Suppose that fy, fi : X — Y are homotopic maps on topological spaces.
Let ¢ : NV — Ap (Y) be a CDGA morphism from a Sullivan algebra.
Then APL(fO) o w ~ APL(f].) o ip AV — APL(X)

Idea of proof. A(t,dt) — Ap.(]) is an injective quasi-isomorphism.
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Lifting lemma up to homotopy

Lemma

Letn: A— C be a quasi-isomorphism of CDGA, and ¢ : AV — C be a
CDGA morphism from a Sullivan algebra. Then there exists a CDGA
morphism ¢ : NV — A such that no ¢ ~ 1), i.e. the diagram below is
commutative up to homotopy.

A
1
i/:ln

7
AV Yo C

Actually, n induces a bijection between the homotopy classes [NV, A] and
AV, C].
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Idea of proof.
@ First consider the case that 7 is surjective. Then the surjectivity of
[AV, Al — [AV, C] follows from the lifting lemma.
For the injectivity, we can lift a homotopy AV — C ® A(t, dt) to a
homotopy AV — A ® A(t, dt) by a suitable construction.
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Idea of proof.
@ First consider the case that 7 is surjective. Then the surjectivity of
[AV, Al — [AV, C] follows from the lifting lemma.
For the injectivity, we can lift a homotopy AV — C ® A(t, dt) to a
homotopy AV — A ® A(t, dt) by a suitable construction.

@ For general 7, set E(C) = A(C' @ dC’), where C’ is isomorphic to C
as a graded vector space, and d : C' — dC’.
Let p: E(C) — C be the natural morphism induced by the

isomorphism C' — C. Then 7 can be factored as

AC= S A E(C) L4 C.

The inclusion A —s A® E(C) has a left inverse, which is a surjective
quasi-isomorphism. Applying the previous case on it and 7 - p, we
have obtained

AV, Al = [AV,A® E(C)] 2 [AV, C].
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Homotopic morphisms are same on homology

Proposition
Q If o~ ¢1: NV — A, then H(¢o) = H(¢1).
Q Ifpo~ ¢1: NV — AW, then H(Q(¢o)) = H(Q(¢1)). Here

QR(AV) = % and it is isomorphic to V' as a graded vector
space. Q(¢o), Q(¢1) : Q(AV) — Q(AW) are induced by ¢o and ¢;.
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Homotopic morphisms are same on homology

Proposition

Q Ifdo~dy: AV — A, then H(do) = H(¢1).
@ Ifdo ~ ¢y : AV — AW, then H(Q(do)) = H(Q($1)). Here

QR(AV) = % and it is isomorphic to V' as a graded vector
space. Q(¢o), Q(¢1) : Q(AV) — Q(AW) are induced by ¢o and ¢;.

Idea of proof.

@ Construct a chain homotopy map h: AV — A such that
¢1 — ¢o = dh+ hd.
@ A homotopy @ for ¢ ~ ¢1 induces a morphism
®: QNV) = QIAW) ® A(t, dt).
If in addition that AW is minimal, the cocycles in the codomain are in
QAW) @ (Q @ A(t)dt). Then

(idQ(/\W) ® €g) © S = (idQ(/\W) ®€1) 0 .

Finally discuss the general case.
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Uniqueness of minimal Sullivan model

Proposition

If ¢ : NV — AW is a quasi-isomorphism of minimal Sullivan algebras, then
it is an isomorphism.
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Uniqueness of minimal Sullivan model

Proposition

If ¢ : NV — AW is a quasi-isomorphism of minimal Sullivan algebras, then
it is an isomorphism.

Idea of proof.
Lift id : AW — AW through ¢, we have obtained a morphism
¥ AW — AV such that ¥¢ ~ id.

7 id
AW —— AW

Then H(Q(¢) o Q(v)) = id. As AV and AW are minimal, H(Q(AV)) = V
and HQAW)) =2 W = Q(¢) o Q(v)) =id on W = ¢1p = id on AW,
Finally, a same discussion on 7 shows that it has a right inverse.

Jiawei Zhou ( Nanchang University ) Rational homotopy theory and algebraic mode January 20, 2026 16 / 68



Sullivan representatives

Let f : X — Y be a continuous map of path-connected spaces, and
AV AW be the minimal Sullivan models of X and Y respectively. Then
there exists a unique morphism ¢ : AW — AV making the diagram below

commutative up to homotopy.
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A-extension and Relative Sullivan algebra

Definition

Let B be a connected CDGA. A A-extension of B is an inclusion

B — B ® AZ such that deg Z > 0 and Z is the union of an increasing
sequence of subspaces

Z0)cz(1)c...cZ(k)cC...

satisfying
dZ(k) c (Q@ B=Y)® AZ(k —1).
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A-extension and Relative Sullivan algebra

Definition

Let B be a connected CDGA. A A-extension of B is an inclusion

B — B ® AZ such that deg Z > 0 and Z is the union of an increasing
sequence of subspaces

Z0)cz(1)c...cZ(k)cC...
satisfying
dZ(k) c (Q@ B=Y)® AZ(k —1).

If in addition deg Z > 1, B — B ® AZ is called a Sullivan extension, and
B ® AZ is called a relative Sullivan algebra.

v
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Factorization theorem

Let B ® AZ be a relative Sullivan algebra. B is called the base algebra of
B®NAZ.

On the other hand, an augmentation B — Q induces a morphism

B ® NZ — NZ, which gives AZ a Sullivan algebra structure. This AZ is

called the fiber algebra of B ® AZ.
If AZ is minimal, we call B ® AZ a minimal relative algebra.

January 20, 2026 19 /68
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Factorization theorem

Let B ® AZ be a relative Sullivan algebra. B is called the base algebra of
B®NAZ.

On the other hand, an augmentation B — Q induces a morphism

B ® NZ — NZ, which gives AZ a Sullivan algebra structure. This AZ is
called the fiber algebra of B ® AZ.

If AZ is minimal, we call B ® AZ a minimal relative algebra.

Remark.

We can also define the minimality for A-extensions similarly.
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Factorization theorem

Let B ® AZ be a relative Sullivan algebra. B is called the base algebra of
B®NAZ.

On the other hand, an augmentation B — Q induces a morphism

B ® NZ — NZ, which gives AZ a Sullivan algebra structure. This AZ is
called the fiber algebra of B ® AZ.

If AZ is minimal, we call B ® AZ a minimal relative algebra.

Remark.

We can also define the minimality for A-extensions similarly.

Let f: B — C be a morphism of connected CDGAs. Then it can be
factored as a minimal N-extension B — B ® NZ and a quasi-isomorphism
B ® NZ — C uniquely up to isomorphism.

Moreover, if f*: HY(B) — H(C) is injective, then B @ AW is a relative
Sullivan algebra, which is called the Sullivan model of f.
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Fibration and relative Sullivan algebra

Theorem

Suppose that F — E — B is a fibration, or a Serre fibration with F being
a CW complex, satisfying the following conditions.

(1) F, E and B are path-connected.

(2) m1(B) acts on H*(F; Q) locally nilpotently.

(3) One of H*(F) is of H*(B) has finite type.

(4) There is a relative Sullivan algebra NV @ NZ and morphisms making
the following diagram commutative.

(AV,d)— (AV @ AZ,d) —2~ (AZ, d)

5 ‘| fFl

ApL(B) ——— Ap (E) —— Ap.(F)

(i) If fg are fg are both quasi-isomorphisms, then so is fr.
(ii) If fg are fg are both quasi-isomorphisms, then so is fg.

v
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A counterexample

The requirement that 71(Y') acts on H*(F; Q) locally nilpotently is
necessary.

Example

Let F be the homotopy fiber of S! vV S — S contracting S? to a point.
Then we have a fibration F — E — B, with F ~ S1v S2 E~ Sly S
and B = S'. The m1(B)-action is not locally nilpotent. Also

dim Ha(F) = oo, then dim H?(F) is uncountable.

On the other hand, Av is a minimal Sullivan model of B with degv = 1. It
can be extended to a minimal Sullivan model Av ® AZ with deg Z > 2 and
dim Z2 countable. But the induced AZ — Ap,(F) is not a
quasi-isomorphism, because the dimension of H? are different.
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Minimal Sullivan model and rational homotopy group

Suppose that X is simply-connected and H*(X; Q) has finite type. AV is
the minimal Sullivan model of X. Then

V" = Hom(m,(X),Q).
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Idea of proof.

1. Start from X = K(m, 1) with 7 abelian and of finite rank r.

Let aj,...,a, € w be a basis of 7 ® Q. They give a morphism Z" — 7,
then a map K(Z",2) — K(m,?2) which is isomorphism on 7, ® Q.

Theorem (Whitehead-Serre)

Suppose that f : Y — Z is a continuous map between 1-connected spaces.
Then the following statements are equivalent.

() m7(F) @Q: m(Y) ® Q — m.(Z) ® Q is an isomorphism.

(i) H(f;Q) : Ho(Y; Q) — H«(Z; Q) is an isomorphism.

(iii) H(2f; Q) : Ho(QY;Q) — H.(Q2Z;Q) is an isomorphism.

Thus,
H*(T" Q) = H*(K(Z",1);Q) = H*(QK(Z",2); Q)
= H*(QK(m,2);Q) = H*(X; Q).
The minimal Sullivan model of T" can be taken as A(xi, ..., x,) with all

deg x; = 1 and dx; = 0.
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Remark. The Whitehead-Serre theorem may not hold if the spaces are
not 1-connected. That is why we prove the statement in this way instead
of constructing K(Z",1) — K(m,1) directly.
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Remark. The Whitehead-Serre theorem may not hold if the spaces are
not 1-connected. That is why we prove the statement in this way instead
of constructing K(Z",1) — K(m,1) directly.

2. Use induction. Suppose the statement holds for K(m, k) for k < n. Let
X = K(m,n).

Suppose that AV is a minimal model of X Then V is concentrated in
degree > n. Set U such that d : Ux~1 — V¥ for all k. There exists the
following commutative diagram.

(AV,d)——= (A\V @ AU, d) —~

AU, d)
N
ApL(X) ApL(PX) ApL(2X

Then AU is a minimal Sullivan model of QX = K(m,n —1).
By inductive hypothesis U = U"~! and dim U = dim(r ® Q). So V = V"
and dim V = dim(7 ® Q).

Jiawei Zhou ( Nanchang University ) Rational homotopy theory and algebraic mode¢ January 20, 2026 24 /68



3. Consider general X. Prove the statement holds for all X, on the
Postnikov tower inductively.

K(ma(X),4)
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4. For each n, turn X — X, into a fibration F, — X — X,,. Take a

minimal Sullivan model AW of X,,, and extend it to a minimal relative
Sullivan algebra AW ® AU which is a model of X.

(AW, d)—— (AW & AU, d) —2~ (AU, d

T

ApL(Xn) ApL(X) ApL(Fn)

Then AU is a minimal Sullivan model of the n-connected space F,. So
deg U > n+ 1 and for degree reason AW ® AU is a minimal Sullivan
algebra (i.e. the minimal Sullivan model of X). Therefore,

(W U)"=W" = Hom(m,(Xs), Q) = Hom(m,(X), Q).
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A counterexample

For non-simply-connected spaces, its rational homotopy group may not be
represented by the minimal Sullivan model.

Z, n=20
Let X = RP2. Then H"(X;Z) =< Z/2Z, n=2
0, otherwise

o H*(X;Q) = Q and its minimal Sullivan model AV is Q trivially
V =0). But m(X) ® Q = Q is non-trivial.

S
(
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Homotopy group of minimal Sullivan algebra

Definition

Let AV be a minimal Sullivan algebra. Hom(V", Q) is called the n-th
homotopy group (n > 2) of AV, and written as 7,(AV).

Remark. 71(AV) is defined differently, and is non-abelian in general. It is
only well-defined when dim H1(AV) < co.
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Homotopy group of minimal Sullivan algebra

Definition

Let AV be a minimal Sullivan algebra. Hom(V", Q) is called the n-th
homotopy group (n > 2) of AV, and written as 7,(AV).

Remark. 71(AV) is defined differently, and is non-abelian in general. It is
only well-defined when dim H1(AV) < co.
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Homotopy Lie algebra of AV

Actually, Hom(V, Q) has a Lie algebra structure, and is called the
homotopy Lie algebra of AV. Set L,_; = Hom(V",Q) for n > 1. This
gives a pairing V x L — Q by

(v, x) = (—1)%8"x(v).

(More precisely, this pairing is (v, sx), where sx is the suspension of x.)

Jiawei Zhou ( Nanchang University )
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Homotopy Lie algebra of AV

Actually, Hom(V, Q) has a Lie algebra structure, and is called the
homotopy Lie algebra of AV. Set L,_; = Hom(V",Q) for n > 1. This
gives a pairing V x L — Q by

(v,x) = (1) x(v).
(More precisely, this pairing is (v, sx), where sx is the suspension of x.)

This paring can be extended to APV x LP — Q (Here APV is the subspace
of V spanned by elements of wordlength p and LP =L x ... x L) as

(ViAo A Vg, Xp, ooy X1) = Z €0 {Va(1)s X1) - - {Vir(p)» Xp) -
o€Sy
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Homotopy Lie algebra of AV

Actually, Hom(V, Q) has a Lie algebra structure, and is called the
homotopy Lie algebra of AV. Set L,_; = Hom(V",Q) for n > 1. This
gives a pairing V x L — Q by

(v,x) = (1) x(v).
(More precisely, this pairing is (v, sx), where sx is the suspension of x.)

This paring can be extended to APV x LP — Q (Here APV is the subspace
of V spanned by elements of wordlength p and LP =L x ... x L) as

(ViAo A Vg, Xp, ooy X1) = Z €0 {Va(1)s X1) - - {Vir(p)» Xp) -
o€Sy

Let dyv denote the component of dv in A2V. The Lie bracket of L is given
by
(v, [, y]) = (1) Hdrv, x, ).
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The definition of m1(AV)

m1(AV) is defined as exp Ly. The precise definition is given as follows.
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The definition of m1(AV)

m1(AV) is defined as exp Ly. The precise definition is given as follows.

ULy: The universal enveloping algebra of Ly, i.e. TLy/ ~ with
X®@y—y®x~|[xyl

I, The ideal in ULy generated by Lg.

U\Lo:: I@ ULo/I[,, the completion of ULo.

n
~

ILO:: |<I_m /LO/ILnO'

n
Lemma. There exist inverse bijections

~ exp ~
ILo —— 1+ IL07
log
where 4 0o (_1),,+1
expx = Z mxn7 and log(1l + x) = Z fxn‘
n=0"" n=1
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A: Ly — Ly @ Lo, x — (x,0) + (0, x), the diagonal map.
UA ULO — U(Lo @ Lo) ULy ® ULy, induced by A.
UA ULO — UL0®UL0 completlon of UA.
Pr={x¢€ ILOIUA( X) _/)i®1 + 1®x}.
Gly={1+y € 1+ I,|JUA(L +y) = (1 +y)BL + 18(1 + y)}.

Lemma.
exp

PLO -~ GLoa
log

are inverse bijections.

Proposition. Ly — Py, is injective. If in addition dim H}(AV) < oo, then
it is an isomorphism. .

Proposition. The restriction of the multiplication of ULy to Gy, gives the
latter a group structure.

Definition
71(AV) is defined as the group G, when dim H1(AV) < oo
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© Realization of minimal Sullivan algebras
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Realization

Given a Sullivan algebra AV (or more generally any CDGA), we can
construct a simplicial set (AV), such that

(AV), = {CDGA morphisms AV — (Ap)n}.

For o € (AV),, 0i(c) = 0j o0 and sj(g) =sjo 0.
For ¢ : AV — AW, there exists a simplicial map (¢) : (A\W) — (AV),
0+ 00 o.

In summary, (—) is a contravariant functor CDGA — sSet.
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Realization

Given a Sullivan algebra AV (or more generally any CDGA), we can
construct a simplicial set (AV), such that

(AV), = {CDGA morphisms AV — (Ap)n}.

For o € (AV),, 0i(c) = 0j o0 and sj(g) =sjo 0.

For ¢ : AV — AW, there exists a simplicial map (¢) : (A\W) — (AV),
0+ 00 o.

In summary, (—) is a contravariant functor CDGA — sSet.

Milnor realization is a functor | — | : sSet—Top such that

AV = (JJ(AV)n x A7)/ ~,

n
(0i0,x) ~ (0, Aix), (sjo,x) ~ (0, pjx),
Aj: AT A" (ag,...,an-1) — (a0,...,ai-1,0,aj,...,an-1),

NG n
pj A" — A" (a0, ..y ant1) = (305 -5 871,87 + 31, 425+ - -5 Antl)-
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(AV) and |AV|

Fact. [AV]is a CW complex. Its n-cells are identified with the
non-degenerate n-simplices. This leads to a quasi-isomorphism

C.((AV)) = C(IAV)).
Then

CH(IAV]) =+ C*((AV)) and  Apr(JAV]) = Apc((AV)).
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(AV) and |AV|

Fact. [AV]is a CW complex. Its n-cells are identified with the
non-degenerate n-simplices. This leads to a quasi-isomorphism

C.((AV)) = C(IAV)).
Then

CH(IAV]) =+ C*((AV)) and  Apr(JAV]) = Apc((AV)).

Proposition

ApL(JAV|) = Ap ((AV)) is a surjective quasi-isomorphism.

Idea of proof.
(AV) — S.(]AV]) is injective. Also all A}, are extendable (Any simplicial
map OAK — Ap, can be extended to AF).
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Morphism myy, : AV — Ap (|AV])

Recall that (AV), consists of morphisms from AV to (Ap.),. Taking
adjoint induces a CDGA morphism mayy.
id : (AV) — (AV)
4
</\V> XAV — APL
I
miayy 2 AV — Ap ({AV)) = {simplicial maps (AV) — Ap}
For example, given x € AV and o € (AV), [mayy(x)](0) = o(x) € Apy.
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Morphism myy, : AV — Ap (|AV])

Recall that (AV), consists of morphisms from AV to (Ap.),. Taking
adjoint induces a CDGA morphism mayy.
id : (AV) — (AV)
4
</\V> XAV — APL
I
miayy 2 AV — Ap ({AV)) = {simplicial maps (AV) — Ap}
For example, given x € AV and o € (AV), [mayy(x)](0) = o(x) € Apy.

Lift miayy through Ap (JAV]) — ApL({AV)), we obtain a morphism
miay| uniquely up to homotopy.

ApL(|AV])

ApL({(AV))

mAv)
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Realization preserves homotopy

Fact. m,(AV) = m,(JAV]) when dim H}(AV) < cc.
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Realization preserves homotopy

Fact. m,(AV) = m,(JAV]) when dim H}(AV) < cc.

Let o € m,(|AV]) with a representative o : S” — |AV/|. Take

m(n) : AW — Ap(S5") as a minimal Sullivan model. There exists a lift
X : AV — AW (uniquely up to homotopy) making the following diagram
homotopy commutative.

AV - —— X AW
m/\VL m(n)LN
APL(/\V) W‘ APL(Sn)

Recall that homotopic maps induce the same morphism
V= Q(AV) — QAW) = W. So x induces a morphism Q(x): V — W
independent on the choices of o and .
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Let w € W" such that (m(n))w represents the fundamental class of S”.
Set ar € Hom(V", Q) such that

Define

Ln IS an isomorphism of groups.
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Idea of proof.

Bijectivity. Construct an inverse map 7, : mp(AV) — m,(|AV]).
Consider the simplicial set A[n]/9A[n]. It has two non-degenerated
simplices, ¢y of degree 0 and ¢, of degree n.

For f € mp(AV) = Hom(V, Q). Set

of : NV — Ap (A[n]/OA[n]),
v (7 SO s )
Taking its adjoint gives
(o) - Alnl/OA[n] = (AV).
And the realization gives
|¢¢] - S" = [A[n]/OA[n]| = [AV].
Set 7,(f) as the homotopy class of |¢r|.
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Group morphism. Use the quotient map AV — AVZ", the inclusion
AV" — AVZ" and the naturality of ¢,. The problem can be reduced to
proving that ¢, : Tp(JAV"|) — m,(AV") is an isomorphism.
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Group morphism. Use the quotient map AV — AVZ", the inclusion
AV" — AVZ" and the naturality of ¢,. The problem can be reduced to
proving that ¢, : Tp(JAV"|) — m,(AV") is an isomorphism.

When n > 2, this can be obtained by realizing the diagonal map
ANV ANV"® V") =AVTR AV
which gives
A AVT @ AV = AV x [AVT| — |AVT.

The induced map on 7, then shows that ¢, is a group morphism.
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Group morphism. Use the quotient map AV — AVZ", the inclusion
AV" — AVZ" and the naturality of ¢,. The problem can be reduced to
proving that ¢, : Tp(JAV"|) — m,(AV") is an isomorphism.

When n > 2, this can be obtained by realizing the diagonal map
ANV ANV"® V") =AVTR AV
which gives
A AVT @ AV = AV x [AVT| — |AVT.
The induced map on 7, then shows that ¢, is a group morphism.

The case n = 1 is more complicated as 71 is non-abelian. We need to
construct a homotopy between the representatives.
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Realization of relative Sullivan algebras

Proposition

@ Given a relative Sullivan algebra (A\V ® NZ, d), the realizations
INZ| — |AV @ NZ| — |ANV/| form a fiber bundle.

@ Given a product of Sullivan algebras (A\V,d) ® (AZ, d), its realization
is AV x [AZ].

Idea of proof.
First show that (AZ) — (A\V®AZ) — (AV) form a simplicial fiber bundle.
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Homotopy Lie algebra and the Whitehead Product

Theorem

The Lie bracket on the homotopy Lie algebra L = s~*Hom(V,Q) of AV is
same as the Whitehead product on m.(|AV]) up to sign.
For o € m1(|AV]), B € ma(JAV)),

tn(B @ a) = Ad(u1(@)) " (ta(B)),

where Ad(exp,, x)(y) = €2*(y) and (ad x)(y) = [x,y] for x,y € L.
In particular, when n =1,

(B ea)=ulau(B)u(w).
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When mypy| is a quasi-isomorphism

miav| is a quasi-isomorphism if AV is simply-connected ( V1 =0) and of
finite type, i.e. such AV is a model of its realization.

Remark. When AV is simply-connected,
H*(AV) is of finite type = AV has finite type.
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When mypy| is a quasi-isomorphism

miav| is a quasi-isomorphism if AV is simply-connected ( V1 =0) and of
finite type, i.e. such AV is a model of its realization.

Remark. When AV is simply-connected,
H*(AV) is of finite type = AV has finite type.

Idea of proof.

1. Reduce to the case AV being minimal.

AV can be written as AW ® A(U & dU), where AW is minimal. Then
H*(AW) = H*(AV). On the other hand, it can be proved that

IA(U @ dU)| is contractible.
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2. Consider the case V = V.

Then [AV| = K(QYmVY n). Let AW be the minimal Sullivan model. As
proved earlier, W = W" and m,(|AV|) = Hom(W",Q). So V" = W" and
AV = AW.
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2. Consider the case V = V.

Then [AV| = K(QYmVY n). Let AW be the minimal Sullivan model. As
proved earlier, W = W" and m,(|AV|) = Hom(W",Q). So V" = W" and
AV = AW.

3. Consider the case V = V=",
Use induction. Suppose that the statement holds for n — 1. Then there
exists the following commutative diagram.

AV AV = AV<P@ AV — P Apn

RN

ApL(JAV=)) ApL(IAV]) ApL(IAV"])

So the middle vertical map is also a quasi-isomorphism.
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4. Consider the general case.

For each fixed n, AV = AV="t1 @ AV>"1 The composition of
m‘/\vgnJrlI : /\VS'H_1 — APL(|/\VSH+1’) and APL(|/\\/SU+1|) — APL(|/\V|)
can be factored through some minimal relative Sullivan algebra

AV=rtl @ AW quasi-isomorphic to Ap(|AV]). So we have the
commutative diagram.

AVEMHIC L ASHL g AW AW

T

ApL(JAVETTL) ——— Ap (|AV]) —— Ap (JAV>H)

Then AW is a minimal Sullivan model of [AV>"1|. As [AV>"T1 is
(n + 1)-connected, we have W = W>"+1. Thus,

H(JAV|) = H'(AVE"T @ AW) = HY(AVS"TL) = HP(AV).
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path-connected spaces

minimal Sullivan model realization
(homology information)| |(homotopy information)

minimal Sullivan algebras

When both objects are simply-connected and have finite type (rational)
cohomology, the two functors are inverse to each other, up to equivalence.

Equivalence for spaces: connected by maps preserving rational
cohomology (also rational homotopy when simply-connected).
Equivalence for minimal Sullivan algebras: isomorphism.
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Infinite dimensional case

Question. When does the realization preserve cohomology?
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Infinite dimensional case

Question. When does the realization preserve cohomology?

Let AV be a simply connected minimal Sullivan algebra. Then AV is a
model of |\V/| if and only if V has finite type.
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Infinite dimensional case

Question. When does the realization preserve cohomology?

Let AV be a simply connected minimal Sullivan algebra. Then AV is a
model of |\V/| if and only if V has finite type.

Idea of proof.
If dim V2 = o0, the dimension of

Ho(JAV|; Q) = ma(|AV]) = m2(AV) = Hom(V?, Q)

has a larger cardinality than dim V2. As H?(|AV/|; Q) is the dual of
H>(|AV|; Q), its dimension has an even larger dimension. So

H2(IAV]; Q) # HA(AV).

For the general case, consider the smallest n such that dim V" = oo.
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Proposition (Z. 2024)

Let AV be a minimal Sullivan algebra. If some H"(AV) is infinite
dimensional, then AV cannot be a model of |\V/|.

Remark. This include the case that dim V" is uncountable for some n.
The case that V is not of finite type but H*(AV) is is more complicated.
When such AV is a model of [AV| remains open.

46 /68
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Sullivan spaces

Definition

A Sullivan space X is a path-connected space X such that

(i) dim H}(X; Q), dim Hk()~(; Q) < oo for k > 2, where X is the universal
cover of X.

(ii) m(X) ® Q = 7, (AV) for k > 2, where AV is the minimal Sullivan
model of X.
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Properties of Sullivan spaces

Consider the following spaces.

X: a connected CW complex.

B = Bmi(X): the classifying space of m1(X).

MB: the space of (Moore) paths on B.

X xg MB: the fiber product of the canonical X — B which is identity on
w1 and the fibration MB — B. It is homotopy equivalent to X.

F: the fiber of X xg MB — B. It is simply connected and weak homotopy

equivalent to X.

Applying Serre spectral sequence, we have that H(B) — H(X xg MB)
is isomorphic and H?(B) — H?(X xg MB) is injective.

Take AV ® AW=2 the minimal Sullivan model of B. Then it can be
extended to a model AV @ AW=2® AZ22 of X xg MB. Write this
model as AV ® A(U @ dU) (For degree reason, V! C V).
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This induces the following commutative diagram.

AVC AV P AV=>2

| > |

APL(B) —— APL(X XB MB) —— APL(F)

Theorem

When X is a Sullivan space, the following statement holds.

(1) mg is a quasi-isomorphism and H*(B) has finite type.

(2) mg is a quasi-isomorphism.

(3) dim HY(X) < oo and H*(X) has finite type.

(4) H*(X) has finite type.

(5) m1(X) acts on each HX(X) nilpotently via covering transformations.

Conversely, if mg is a quasi-isomorphism, then (2)(3), (3)(5) or (4)(5)
implies that X is a Sullivan space.

V.
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When the realization is a Sullivan space

Theorem (c.f. Rational Homotopy Theory 1)

For any minimal Sullivan algebra ANV, the following conditions are
equivalent.

(i) dim HY(AV) and dim V' for i > 2 are finite dimensional, and the
canonical morphism miay| : AV — Ap (|AV]) is a quasi-isomorphism.
(ii) |NV| is a Sullivan space.
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When the realization is a Sullivan space

Theorem (c.f. Rational Homotopy Theory 1)

For any minimal Sullivan algebra ANV, the following conditions are
equivalent.

(i) dim HY(AV) and dim V' for i > 2 are finite dimensional, and the
canonical morphism miay| : AV — Ap (|AV]) is a quasi-isomorphism.
(ii) |NV| is a Sullivan space.

Open problem(Félix-Halperin-Thomas).
If may) is a quasi-isomorphism, must |AV/| be a Sullivan space?
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Idea of proof.

Proposition

Suppose that A\W1 is a minimal Sullivan algebra. Then

dim HY(AW?) < oo if and only if HX(JAW?|) < cc.

In this case, mawz) : AW — Apr(JAW?]) extends to a minimal Sullivan

model
AW @ NZ22 =5 Ap (AW,

and dim HY(AW?) = HL(JAWL)).

By this proposition, that either (i) or (i) holds implies dim H1(AV) < cc.
So the minimal model of [AV| is of the form AV! ® AZ=2. This gives a
minimal relative Sullivan algebra AV ® AZ=? @ AU=2 which is a model of
|AV/|, and the following commutative diagram.

AVI @ AZZ2C o AVI@AZZ2 0 NUZ2 — P L AUy>2

T

Apr(|AVY]) ApL(IAV]) ApL(IAV=2])
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miay| can be lifted through ¢ rel AV, That is, there exists a morphism
B:AV = AVI © AZ=2 @ AU=? such that ¢ o 8 ~ m|py| and their
restrictions to AV! are same.

This induces the commutative diagram below.

AVC AV Pr AV>2

A B8 Y

AVI@AZZ2C = AV AZ22 @ AUZ2 — = NZ22 @ AUZ2

\ p

P |~ ¢ |~ /\U22
é
Apc(|prl)
Ap(|AVY]) ApL(IAV]) 2 Ap (|AV22))
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On the other hand, as mizy) : AV — Ap ({AV)) is a natural
transformation, the following diagram is commutative up to homotopy.
This homotopy can be made rel AV

AV il AVZ2
miav| Mav>2)
Api(|prl)
ApL(IAV]) — 52 Ap (JAVZ2)
Thus, _
Mipy>2| © pr~ ¢ o poryoprrel AV
This leads to

Mipy 22| ~ $popon.
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Now suppose (i) holds. It is sufficient to show that the commutative
diagram below satisfies the following statements of the previous theorem.

AVC AV Pr AV>2

’"leJ/ m|AVl mI/\V22J/

ApL(|AVE]) — Ap (IAV]) — Ap (IAV=2])

(1) mjay1) is a quasi-isomorphism.
(2) mpy>2| is a quasi-isomorphism.
(3) dim HY(|AV]) < co and H*(|JAV=2|) has finite type.

By hypothesis V=2 has finite type. So mipy>2) is a quasi-isomorphism.
This proves (2).

It follows that H*(|AVZ2|) = H*(AV=2) is of finite type. Also by
hypothesis m|y/| is a quasi-isomorphism. So
dim H}(JAV]) = dim H1(AV) < co. This proves (3).
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Fact. 71(AV?) acting on H*(AVZ?) is locally nilpotent. Moreover, this
action can be identified with 71 (|AV1]) acting on the image of
H*(AV=?) = H*(IAV=2]) induced by m\y>2.

Now that mjs>2| is a quasi-isomorphism, this image is just H*(|[AV=2]).
Thus, that ¢ and ¢ are quasi-isomorphisms implies that so is ¢.

Then mjpy >z ~ ¢ o p o~ implies that p o~ is also a quasi-isomorphism.
On the other hand, ¢ o 8 ~ m)ay| implies that 3 is a quasi-isomorphism.

These lead to that A is a quasi-isomorphism. In particular, Z = 0.

By construction, mjpy1 = ¢ o A. So it is a quasi-isomorphism. This proves

(1).
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Suppose (ii) holds. By the Properties of Sullivan spaces, H*(|AV=2|) are
of finite type. Then so are 7, (|AV=2|) and V=2

That V=2 is of finite type also implies that mipy>2) is a
quasi-isomorphism. Moreover, recall that the minimal model of [AV] is of
the form AV ® AZ?. |AV/| being a Sullivan space implies that Z = 0 and
mipya| is @ quasi-isomorphism. It also implies that 71(JAV]) acts on
H*(|AV=2|) nilpotently. Therefore, miay| is a quasi-isomorphism.

Finally, |AV/| being a Sullivan space also implies dim H*(JAV]) < oo.
Together with mpy/| being a quasi-isomorphism, we have that
dim HY(AV) < oo.
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A Theorem for classifying space

If the classifying spaces BGy and BGy are Sullivan spaces, then so is the
classifying space B( Gy * G,) of the free product.

Jiawei Zhou ( Nanchang University ) Rational homotopy theory and algebraic mode January 20, 2026 57 /68



A Theorem for classifying space

If the classifying spaces BGy and BGy are Sullivan spaces, then so is the
classifying space B( Gy * G,) of the free product.

CHAAVACY Sullivan space?
m,n>1 Yes
m=1,n>1 No
m=n= Yes
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@ Formality of sphere bundles
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Definition

A CDGA is called formal if its cohomology ring serves as its model.
A topological space X is called formal if Ap;(X) is a formal CDGA.
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Definition

A CDGA is called formal if its cohomology ring serves as its model.
A topological space X is called formal if Ap;(X) is a formal CDGA.

Theorem (Sullivan 1977; Halperin-Stasheff, 1979)

ApL(X) is formal if and only if the tensor product of Ap (X) and some
extension field over Q is formal.

Thus, a smooth manifold M is formal if and only if Q*(M) is formal.
(Remark. In general, equivalent CDGA over R may not be equivalent over

Q)
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Examples of formal spaces.

Theorem (Deligne-Griffiths-Morgan-Sullivan, 1975)

A complex manifold where the dd“-lemma holds is formal. In particular,
all compact Kahler manifolds are formal.
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Examples of formal spaces.

Theorem (Deligne-Griffiths-Morgan-Sullivan, 1975)

A complex manifold where the dd“-lemma holds is formal. In particular,
all compact Kahler manifolds are formal.

Theorem (Miller, 1979)

Let X be an n-dimensional k-connected compact space. If n < 4k + 2,
then X is formal.
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Examples of formal spaces.

Theorem (Deligne-Griffiths-Morgan-Sullivan, 1975)

A complex manifold where the dd“-lemma holds is formal. In particular,
all compact Kahler manifolds are formal.

Theorem (Miller, 1979)

Let X be an n-dimensional k-connected compact space. If n < 4k + 2,
then X is formal.

Other formal spaces include Lie groups, H-spaces, homogeneous spaces,
product of formal spaces, and wedge sum of formal spaces.
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Examples of formal spaces.

Theorem (Deligne-Griffiths-Morgan-Sullivan, 1975)

A complex manifold where the dd“-lemma holds is formal. In particular,
all compact Kahler manifolds are formal.

Theorem (Miller, 1979)

Let X be an n-dimensional k-connected compact space. If n < 4k + 2,
then X is formal.

Other formal spaces include Lie groups, H-spaces, homogeneous spaces,
product of formal spaces, and wedge sum of formal spaces.

Non-formal spaces include nilmanifolds except torus.
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Questions about formality of sphere bundles

Let X be an orientable S¥-bundle over M. We naturally ask the
relationship between their formalities:

1. If M is formal, when is X formal?

2. What properties of M are corresponding to the formality of X7
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Questions about formality of sphere bundles

Let X be an orientable S¥-bundle over M. We naturally ask the
relationship between their formalities:

1. If M is formal, when is X formal?

2. What properties of M are corresponding to the formality of X7

Let M = T2 and X be a non-trivial orientable circle bundle over M. Then
M is formal but X is non-formal.

| A\

Example

Let M = S? and X be an arbitrary circle bundle over M. Then both M
and X are formal.

These two examples show that the answer of Question 1 is non-trivial.
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Theorem (Z, 2019)

If M is formal, then Q*(X) has an Ax,-minimal model whose only
non-trivial operations are my and ms.

If an A-algebra has an A..-minimal model with only my non-trivial, then
it is formal.
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About Question 1

Theorem (Z, 2019)

If M is formal, then Q*(X) has an Ax,-minimal model whose only
non-trivial operations are my and ms.

If an A-algebra has an A..-minimal model with only my non-trivial, then
it is formal.

Theorem (Crowley-Nordstrom, 2020)

If X is a compact manifold, and the Bianchi-Massey tensor of Q*(X)
vanishes, then Q*(X) has an As-minimal model with mz = 0.

Conjecture.
X is formal <= The Bianchi-Massey tensor of Q*(X) vanishes.
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Bianchi-Massey Tensor

Let E* be the space of e € H*(X) ® H*(X) satisfying
1. e is a graded symmetric tensor.

2. eis in the kernel of the multiplication map H*(X) ® H*(X) — H*(X).
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Bianchi-Massey Tensor

Let E* be the space of e € H*(X) ® H*(X) satisfying
1. e is a graded symmetric tensor.
2. eis in the kernel of the multiplication map H*(X) ® H*(X) — H*(X).

Choose an arbitrary morphism (of graded vector spaces)
a: H*(X) = Q% (X)
sending cohomology classes to representatives. There exists a morphism
v EY = QF(X)

of degree —1 satisfying dy = a2, where 0?(x ® y) = a(x) A a(y).
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On a subspace of E* ® E* (graded symmetric tensors, in the kernel of full
symmetrization), the degree —1 morphism

E*® E* - Q*(X) e®é€ — y(e)a’(e)

takes closed values. Thus it induces a morphism from this subspace to
H*(X), and this morphism is called the Bianchi-Massey tensor.
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On a subspace of E* ® E* (graded symmetric tensors, in the kernel of full
symmetrization), the degree —1 morphism

E*® E* - Q*(X) e®é€ — y(e)a’(e)

takes closed values. Thus it induces a morphism from this subspace to
H*(X), and this morphism is called the Bianchi-Massey tensor.

Theorem (Crowley-Nordstrom, 2020)

The definition of Bianchi-Massey tensor is independent of the choices of «
and .

Advantage of Bianchi-Massey tensor:
1. Calculable.
2. Rational homotopy invariant (so an obstruction of formality).
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Theorem (Z, 2025)

Let M be a compact formal manifold, and X be an orientable S*-bundle
over M. Then X is formal if and only if the Bianchi-Massey tensor of
Q*(X) vanishes.

In particular, if k is even, then X is always formal.
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A corollary about the unit tangent bundle

Corollary (Z, 2025)

Let M be a compact orientable formal manifold. X is a sphere bundle

whose Euler class is the fundamental cohomology class. If X is formal,

then H*(M;R) = R[x]/(x¥) is a quotient of the polynomial ring with a
single variable, i.e.

H*(M;R) = (1,x,x%,...,x*71).

Corollary (Z, 2025)

Let M be a compact orientable formal manifold. Its unit tangent bundle
UTM is formal if and only if one of the following statement holds.

1. The Euler characteristic x(M) = 0.

2. H*(M;R) = R[x]/(x¥) is a quotient of the polynomial ring with a
single variable.
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Example of Riemann surfaces

Consider the circle bundle over a Riemann surface M. Let [w] denote the
fundamental cohomology class of M.

genus | Euler class is [w] | unit tangent bundle
0 formal formal
1 non-formal formal
>2 non-formal non-formal

Jiawei Zhou ( Nanchang University ) Rational homotopy theory and algebraic mode January 20, 2026 66 /68



More General Base Manifold

Theorem (Z, 2025)

Suppose (M, w) is a symplectic manifold satisfying the hard Lefschetz
property, and X is a circle bundle over M with Euler class [w]. If [w] is
reducible in H*(M), then X cannot be formal.

Here reducible means [w] € HY(M) - HY(M), i.e. there exist
xi,yi € HY(M) such that

[w] = ZX:' A Yi-

Hard Lefschetz property means that for a 2n-dimensional symplectic
manifold, the following map is an isomorphism.

(=23

Wk H=K(M) = HPPRE(M),  x = [wF] A x.
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A Slightly Weaker Restriction

The hard Lefschetz property can be replaced by a weaker statement: Let
w € H¥*+2(M), and there exists some s > 0 such that

1. w: H3(M) — H*t4*+2(M) is an isomorphism.

2. w: H2r=Y(M) — HSF2r+1(M) is injective.

In this case the reducibility of [w] is replaced by

[w] e H2r+1(M) . H2r+1(M).

Then the sphere bundle whose Euler class is [w] is non-formal.
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A Slightly Weaker Restriction

The hard Lefschetz property can be replaced by a weaker statement: Let
w € H¥*+2(M), and there exists some s > 0 such that

1. w: H3(M) — H*t4*+2(M) is an isomorphism.

2. w: H2r=Y(M) — HSF2r+1(M) is injective.

In this case the reducibility of [w] is replaced by

[w] e H2r+1(M) . H2r+1(M).
Then the sphere bundle whose Euler class is [w] is non-formal.

Remark.

That the degree of w is 4r 4+ 2 is necessary. There exist a counterexample
for the case of 4r + 4. Let M = CP? and w € Q*(M) be its volume form.
The above requirements are satisfied but the sphere bundle is formal.
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